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The elastic behaviour and vibrational
anharmonicity of molybdenum phosphate
glasses
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To examine the effects of vibrational anharmonicity on the long-wavelength phonon dynamics
of a series of phosphate glasses, hydrostatic pressure and temperature dependences of ultra-
sonic wave velocities have been measured in molybdenum phosphate glasses (MoQO;),(P,0¢)4-,
over the composition range 35 to 76 mol% MoO,;. Marked discontinuities occur in the vari-
ations of elastic constants with composition, indicating distinct differences in the nature of the
structure and bonding in the glasses as a function of composition. The pressure derivatives of
the elastic constants are found to be positive and the temperature derivatives negative. Both

the longitudinal (y_ ) and shear (ys) mode Grineisen parameters are positive, showing that
application of hydrostatic pressure produces an increase in the long-wavelength acoustic
phonon mode frequencies. The temperature dependences of both longitudinal and shear
acoustic phonon velocities are found to be markedly anomalous in that they continue to
increase substantially as the temperature is reduced below about 100 K. The low-temperature
elastic constant data are compatible with the interaction of the phonons with two-level sys-
tems, and provide direct evidence for such systems in phosphate glasses.

1. Introduction

The molybdenum phosphate (MoO;—P,0;) glass
system is stable over an unusually wide range (0 to
~ 83wt % MoO;) of compositions and yet exhibits
marked discontinuities in physical properties within
this range [1].

To study the acoustic mode vibrational anhar-
monicity across this composition range, measure-
ments have been made of the hydrostatic pressure
dependences of ultrasonic wave velocities. The higher-
order elasticity of glasses has been found to fall into
two classes of behaviour [2, 3]. On the one hand
vitreous silica and silica-based glasses have negative
pressure derivatives of the bulk (B) and shear (u)
moduli [4, 5]. On the other hand the pressure deriva-
tives of B and p for many diverse types of glass are
positive: the long-wavelength acoustic modes stiffen
with pressure in accord with normally expected phys-
ical behaviour [2, 3, 6]. In the only previously reported
study of the effect of pressure on the elastic properties
of a phosphate glass, intermediate behaviour was
found: the long-wavelength shear modes softened
while the longitudinal modes stiffened when hydro-
static pressure was applied [7].

The hydrostatic pressure dependences of the ultra-
sonic wave velocities provide knowledge of the long-
wavelength acoustic mode Griineisen parameters y;
and ys. Previously the mean parameter 7., has been

shown to be quite well correlated with the thermal
expansion coefficient « for a number of glass systems
[6]. Accordingly, as part of this study of phonon
anharmonicity, the closeness of the fit to this correla-
tion of the properties of the molybdenum phosphate
glasses has been inspected.

The temperature dependences of the second-order
elastic stiffnesses are also expected to be determined
by phonon anharmonicity. Therefore the elastic con-
stants C; have been measured as a function of tem-
perature between 4 and 300 K. Marked compositional
effects on (6C;/0T),_, r have been observed which can
be correlated with the anharmonicity of phonon
modes as determined from the high-pressure studies.
Strong, anomalous increases in (0C;/0T),_,, have
been found at temperatures below about 100 K which
can be associated with interactions in two-well sys-
tems.

Previous work [1] on this series of glasses has indi-
cated the presence of structural groupings similar
to those which occur as crystalline phases, namely
MoO,(PO;), (metaphosphate), (M0O,),P,0, (pyro-
phosphate) and MoOPO, (orthophosphate)- together
with the end-number oxides MoO,; and P,O;. The
concentrations of these component structural group-
ings vary considerably over the composition range. In
particular, sharp concentration maxima were observed
for the metaphosphate and pyrophosphate groupings
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TABLE I Crystalline groupings

Structural Associated smallest N, N, Molybdenum
grouping closed “‘ring” valency

P,0; PO, or P,,0, 6 1 —
Mo0O,(PO,;), MoP,0, 12 6
(Mo00,),P,0, Mo,P,0, 18 25 6

MoOPO, Mo, P,0, 10 3 5

MoO, Mo, 0, 5 3 6

at about 50 and 66 mol % MoO; content, respectively.
The changing proportions of the structural groupings
comply with variations of the ratio of Mo®* to Mo®*.
This ratio has a maximum value near 50 mol % MoO,
content and is associated with a reduction of Mo®*
to Mo’*, and leads to discontinuities in the elastic
moduli and other physical properties near 50 and
66mol % MoO,. A model based on the average
atomic ring diameter, being determined by the domi-
nant structural grouping appropriate to the com-
position range, can account in a qualitative manner
for these compositional effects [1]. Tables I and II
incorporate conclusions extracted from the work of
Bridge and Patel [1] as an aid to the discussion. We
note the existence of five structural groupings with
their associated smallest ring type and other pertinent
quantities: N, (the number of network bonds per for-
mula unit), ¥, (the mean crosslink density per cation)
and the molybdenum valency. In forming glasses the
presence of more than one structural grouping and the
structural constraints imposed by the glass network
lead to an average ring size s in terms of cations and
anions and an average crosslink density 7, per cation.
In essence the model associates progressively smaller
rings with increased elastic stiffness, and vice versa.

The central aim of the present work has been to
answer the question: what influence does the changing
concentration of component structural groupings
across the glass composition range have on the vibra-
tional anharmonicity of long-wavelength acoustic
phonons?

2. Sample preparation, characterization

and experimental techniques
The molybdenum phosphate glasses were prepared
from dry mixtures of anhydrous MoO; and P,Oq
mixed together in alumina crucibles and placed in
a furnace initially held at 300°C below melt tem-
perature. The temperature was then raised to an
appropriate value between 900 and 1200°C and
equilibrated for 20 min with frequent stirring to pro-
mote homogeneity. The melts were cast into stainless
steel moulds maintained at the desired glass annealing
temperature.

The density {g) of each composition was taken from

TABLE II Glass structure

MoO; (%) Structural groupings present K 7,

26 P,0;, Mo0,(PO;),, MoOPO, 9.8 1.5
50 MoO,(PO,),, MoOPO, 6.9 ~25
66 (Mo0,),P,0,, MoOPO, 9 2.5
80 MoO;, (M00,),P,0, 6.4 2.4
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Figure 1 The dependence of relative natural velocity changes of
10 MHz ultrasonic waves upon applied hydrostatic pressure for a
glass of composition 35mol % MoOs: (0) L, (x) S.

data from Patel [8] for molybdenum phosphate glasses;
similar density results were obtained by Kierkegard
et al. [9]. Atomic absorption analysis was used to
determine the MoO, content and electron spin reson-
ance studies provided the proportion of Mo®* (para-
magnetic) to Mo®* (diamagnetic) species. Samples were
prepared for ultrasonic studies with parallel faces
using standard cutting and polishing techniques.

The velocities of longitudinal (v;) and shear (vg)
ultrasonic waves in the glasses were obtained by using
the pulse-echo-overlap technique. Ultrasonic pulses
of frequency 10 MHz were generated and received by
X- and Y-cut quartz transducers.

The hydrostatic pressure derivatives of the ultra-
sonic wave transit times were measured using a piston
and cylinder high-pressure apparatus with castor oil
as the pressure medium. The change in electrical resis-
tivity of a manganin coil inside the pressure chamber
was used to measure the hydrostatic pressure.

Fig. 1 illustrates a typical data set for the relative
change induced by hydrostatic pressure in natural
velocity, in this case for a glass of composition
35mol % MoO,. The pressure-induced changes in
pulse echo overlap were expressed as the relative
change of natural velocity (1/W,) (AW/AP) where W,
is the natural wave velocity at atmospheric pressure
and W is that at pressure P; this procedure avoids the
need to calculate sample dimensions under stress [10].
This quantity was found to be linear to 1.6 x 10°Pa
(= 1.6kbar) for both longitudinal and shear modes
under hydrostatic pressure for all the samples tested
(Fig. 1). The pressure derivatives of the elastic moduli

oC; C; 1\ AW
(%), = 5+ 20 ((5) 57
allow the determination of
B - (5)-3(5)
dP/._, dp 3\dP /,_,
_ Clll + 6C112 + 2C'123
9B
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Figure 2 The elastic properties, hydrostatic pressure derivatives of
the elastic stiffnesses, acoustic mode Griineisen parameters at the
long-wavelength limit, density and thermal expansion of molyb-
denum phosphate glasses as a function of MoO, content.

and

(&) - (%
ae),_, ~ \dpr /,_,

B (6C)y — 6Cy + Cyyy — Cip)
6B

The values of (dC,,/dP)p_,, (dB/dP),_, and
(Ou/0P)p..oare shown in Fig. 2. Each of these pressure
derivatives is positive: these glasses stiffen under press-
ure.

The low-temperature dependences of the elastic
constants were measured using a helium cryostat. On
reaching 4.2 K, the sample was rewarmed and again
measurements were carried out up to approximately
70 K. Excellent agreement was observed between cool-
ing and warming runs.

3. Results and discussion

3.1. The properties of molybdenum
phosphate glasses at room temperature

Compositional trends in a number of physical proper-

ties are presented in Fig. 2 as a function of MoO;

content for our suite of molybdenum phosphate

glasses. While the density depends monotonically on
composition, other properties display discontinuities
at about 50 and 64 mol % MoO;. These findings are in
accord with those of Bridge and Patel [1], small num-
erical differences occurring between the results obtained
on the two sets of glasses. Elastic moduli for the
present samples containing more than about 64 mol %
(the composition range in which the elastic properties
are controlled by the (MoO,) P,0, and MoO, group-
ing involving Mot [1], agree closely with those
measured previously. The Mo’* content is a measure
of the proportion of the MoOPO, structural grouping
whose influence is to reduce the average ring size
(Tables 1 and II) and increase elastic stiffnesses.
Indeed, the magnitude of the discontinuity at about
50 mol % MoQ, is largely controlled by the Mo>* con-
tent which has a sharp maximum at this concentra-~
tion. In the present samples the [Mo*"/Mo(total)]
ratios are somewhat smaller than those found in the
samples of Bridge and Patel [1]. Hence our samples
will tend to have a larger average ring size in the lower
concentration range. Thus smaller values of the elastic
moduli and a partial suppression of the discontinuity
near 50 mol % MoQO; can be expected — and are
observed. The pressure derivatives display discon-
tinuities at the same MoQ, concentrations (~ 50mol %
and 64mol %) as found for the elastic stiffnesses
themselves (Fig. 2): the same structural and bonding
influences must be operative in both the second- and
third-order elastic behaviour.

Table III compares results for a selected molyb-
denum phosphate glass with those of other amorph-
ous materials and also illustrates the fact that amor-
phous materials may be divided into two classes
according to their elastic behaviour under pressure:
those whose JB/0P and Ju/0P are negative and
positive, respectively. In this respect the phosphate
glasses are interesting in that while 0 B/0P is quite large
and positive, du/0P 15 close to the transitional value
of zero. The molybdenum phosphate glasses have a
small but positive du/dP, whereas in amorphous
(Fe,0,)035(P,05)04, this quantity is slighily negative
[7]. Bending vibrations of the individual bridging oxy-
gen ions corresponding to transverse motion against
small force constants are responsible for the negative
pressure derivatives in silica-based glasses [12]. The
near-zero du/0P implies that such bending vibrations
are largely but not entirely absent from the vibrational
spectrum of phosphate glasses.

Physical properties which depend upon the ther-
mal motion of the atoms are greatly influenced by
vibrational anharmonicity, especially at higher tem-
peratures. The higher-order elastic counstants are

TABLE 111 Comparison of properties of molybdenum phosphate glasses with other amorphous materials at room temperature

Property MoO;-P,0; (Fe,05)03s(P20s )0 Amorphous Amorphous Pd o Nigg Py Pyrex Fused silica
glasses n arsenic {2] As,S; [4] (metglas) [11] £5] [5]

(0BJOP); 3.24 t0 4.82 +4.73 +6.42 +6.52 +6.4 —4.72 —6.3
Ou/oP)s_q 0.50 to 0.88 ~0.16 +1.73 +1.87 +1.8 —-2.39 —4.1

YL 081 to 1.34 +1.1 +2.34 +2.61 +2.34 —1.74 ~2.8

s 0.15 to 0.48 —-03 +1.45 +2.49 +1.45 —1.50 —2.36

Yer 0.38 to 0.77 +0.7 +1.75 +2.53 +1.75 —1.58 —2.5

a (1075 (O™ Y 7.5to 14 - +8to +103 +22.4 - +32 +0.45
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prerequisite for a quantitative understanding of the
role played by long-wavelength acoustic modes in
properties dominated by anharmonicity, such as the
thermal expansion. A quantitative assessment of the
anharmonicity of these particular modes is given by
the appropriate Grineisen parameters which express
the volume (or strain) dependence of normal mode
frequencies w; by

7 = —d(n w)/d(n V)

and allow the effect of hydrostatic pressure on the w,
to be quantified. In an isotropic glass there are two
components of the Griineisen parameter for acoustic
modes at the long-wavelength limit given by [6]

o[- ()-8
<{e
[y o

+ 1.5(Cy, — 2C44)]/6u

o

Vs =

The mean long-wavelength acoustic mode Griineisen
parameter 7y, is given by

Ya = (o + 27s)/3

1, s and 7, have been obtained using these equations
from the experimental data for the elastic constants
and their pressure derivatives. The results are plotted
as a function of glass composition in Fig. 2.

Besides determining the behaviour of a solid under
pressure, vibrational anharmonicity is responsible for
thermal expansion. Experimentally an average ther-
mal Griineisen parameter y" can be evaluated from

¥ = 3aVBs/C, = 3aVB;/C, = ZCiyi/ZC'i

where C, is the contribution of mode i to the specific
heat (C, = Z, C;). We expect long-wavelength acous-
tic modes to make a substantial contribution to the
collective summations X, over the modes and thus
anticipate a correlation between the room-temperature
thermal expansion and 7y,. This is indeed observed
(Fig. 2).

3.2. General correlation between thermal
expansions and Grlneisen parameters for
glasses

Both the long-wavelength acoustic mode Griineisen

parameters g and y; are positive for the molybdenum

phosphate glasses: the energies of both types of
acoustic mode increase in the normal way under volu-
metric strain (in contrast to the behaviour of silica

(Table I1I)). For a number of glasses there is a correla-

tion [6] between the mean long-wavelength acoustic

mode Griineisen parameter y, and the thermal expan-
sion coefficient «. The rectangular box in Fig. 3 incor-
porates the 7, data obtained here together with the
thermal expansion results obtained [8] on another set
of molybdenum phosphate glasses whose compositions
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Figure 3 To show how the molybdenum phosphate glasses fit the
correlation found [6] between the mean long-wavelength acoustic
mode Griineisen parameter and the linear coefficient o of thermal
expansion for glasses.

differ somewhat — precluding an exact comparison.
However, as already stated, at higher MoO; com-
positions the present clastic stiffnesses agree well with
those obtained on the other glass set by Bridge and
Patel [1]. Although the absolute values at lower MoO,
concentrations differ slightly, behavioural trends are
reproduced. Hence the rectangular box in Fig. 3 does
provide a useful assessment of the place occupied by
phosphate glasses in the overall pattern of anhar-
monic vibrational behaviour of glasses. In general the
observed correlation implies that the anharmonicities
of long-wavelength acoustic phonons provide import-
ant contributions to the collective summations over
the vibrational states which yield the thermal Griineisen
parameter 7. However, the detailed behaviour of the
thermal expansion coefficient « for the glasses contain-
ing MoO, in excess of 64mol % does not reflect the
increase in v, found across this composition range, so
that structure and bonding influences play a role in the
properties determined by vibrational anharmonicity.

3.3. An equation of state for molybdenum
phosphate glasses

The use of an equation of state permits an estimation

of the compression of a material at very high pressures

from a knowledge of the bulk modulus and its hydro-

static pressure derivative. This procedure has been

carried out using the Murnaghan [13] equation of

state
V 1 P
YV = - — A =i 1
" (Vo> By i [B" (Bo> i ]

which assumes that the bulk modulus depends linearly

on pressure:
opP oB
(), @),

In Fig. 4 the results are plotted for the range of molyb-
denum phosphate glasses. Here we have used the
adiabatic bulk modulus B rather than the isothermal

B(P)
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Figure 4 The compression of molybdenum phosphate glasses cal-
culated on the basis of the Murnaghan equation of state [13]. The
variation of compression with composition is represented by the
hatched region. 1kBar = 10°Pa.

quantity BJ. These are related by
By = Bj/(1 + y"aT)

Using as an estimate of y™ the mean long-wavelength
acoustic parameter y, and an appropriate value of «
from Fig. 2, the fractional error in B is about 0.2%
for the range of glasses. This introduces a discrepancy
in B(P) which is very small in comparison to the
variation shown between the glasses.

3.4. Temperature dependences of the elastic
stiffnesses of molybdenum phosphate
glasses

Figs 5a and b show the variation of Ay, /v, (4.2K) and

the corresponding plot for the shear-mode velocity as

a function of temperature for different compositions.

In Figs 6a and b we show the temperature depen-

dences of the elastic constants suitably corrected

for thermal expansion. The results are conveniently
separated into two temperature ranges: (a) below
about 130 K, where the presence of structural relaxa-
tion processes attributed to two-level systems is
responsible for the observed increases in acoustic
mode velocity and elastic constants, and (b) above
about 130K where anharmonic effects, the central
concern of this particular investigation, are observed.

The results in region (a) show that both acoustic
modes couple to the two-level systems and comple-
ment previous studies of the velocity [8] and attenua-
tion [14] of the longitudinal mode only. To assess the
magnitude of increased stiffness due to this effect, the
constant values to be expected from the anharmonic-
ity of the vibrational mode have been calculated on
the basis of the quasi-harmonic approximation. This
has been carried out on the assumption that all
the vibrational modes have the same temperature-
dependent Griineisen parameter y (= 7,(T)), when
the adiabatic stiffness moduli for longitudinal and
transverse waves are given [15] respectively by

G = G +=

AR RHIT

S
J

Variation of sound velocity, Al /Yu2xi x10°

Figure 5 The temperature dependences of velocities of (a}
shear and (b) longitudinal wave velocities of 10 MHz

300 ultrasonic waves propagated in molybdenum phosphate

"\':H‘ AETTN -
‘M.‘ +‘++4+¢4+~+¢>“:\
-30t ‘“'““"«n.. K -
"“"‘-“‘N.
.
A
-50 T 00 - ‘ |
100 20 >
(@) Temperature  (K)
w10 ) ' } | |
Q
x
3 0
et . |
S [T
N ‘*3—\\
< -
= -10F s %, |
% L R,
9 - \oa\*ﬁm“‘* e+
g N . 'k..;:*+vﬂw+4¢4m* T
— oae R T Y
E Ll Vo M““M i
C “‘“‘A«AA—‘
3 o i
% 30} N
kS
S -40f ‘
<]
g
= .50 ‘ I | I |
I - 200
{b) Temperature (K)

glasses. MoQO; content (a) 37, (+) 50, (@) 64 mol %.

2117



56 T T LI T -1
.,
54 ~\ 1
- "‘. B
e 52F 4
z
(=)
% |
Csop ]
>0,
‘\\
P
L8k by “‘;:‘;“"¢00%1\¢40¢,+‘NM B
MAAMAM““‘
Ahdag 4 4
46 1 1 I S R |
0 100 200 300
(a) Temperature (K)

2’0 T T T T T
m*‘n
L S
1.9F e, .
i,
\‘N..., T .
N \ "o Seee,
I3 ., hAL TSR
EZ 1.8F \ .\-’0- B
2 Moy,
< o,
o W
1.7 E
16 1 ) 1 L )
100 200 300
(b) Temperature (K)
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anharmonicity. MoO, content (a) 37, (+) 50, (®) 64 mol %.

and

1
Cs = C2+—{— (U + C,T)

vV
0Cs Cy
-|(%),- %]
Here the potential U, according to the Debye model,
is
Y rer xX*dx
3INKO® [3 (6) N o 1]

T
3NKOF (6)

U

Il

when N is the number of atoms in volume V' and
x = kT. The elastic Debye temperature (obtained
from extrapolated values of the low-temperature
ultrasonic wave velocity in the quasi-harmonic limit)

is
RN(3NNATL /1 2\T"
o O B 2]
k/\4nV I\ W
where 4 is Planck’s constant. Calculations of C; and
Cs have been carried out for the 64 mol % MoO; glass
(® = 316K) and are plotted in Fig. 6. The differences
between the solid lines and the experimental data
show that the relaxation processes produce the major
contribution to the temperature dependences below
100K of the elastic stiffnesses in these molybdenum
phosphate glasses.

In region (b) (above about 130K) we observe the
normal behaviour associated with anharmonicity:
dC,;/dT and du/dT are negative and approximately
constant, and are in reasonable agreement with quasi-
harmonic theory (Fig. 6). The lowest magnitude of the
temperature derivatives occurs at about 50mol %
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MoO;, the composition showing the smallest anhar-
monic effects according to the Griineisen gammas and
thermal expansion as previously discussed. Clearly the
same structural and bonding factors are influencing
the anharmonic effects on the pressure and tem-
perature dependences of the elastic constants and the
thermal expansion in a consistent manner.
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